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Abstract. In this paper, we establish three inequaUties for diflferentiable s- 
geometrically and geometrically convex functions which are connected with 
the famous Hermite-Hadamard inequality holding for convex functions. Some 
applications to special means of positive real numbers are given. 



1. Introduction 

In this section we will present definitions and some results used in this paper. 

Definition 1. Let I be an interval in M. Then / :/ ^M, said to be 

convex if 

(1.1) / {tx +{l~t)y)< tf (x) + {l-t)f {y) . 
for all x,y € I and t G [0, 1] . 

Definition 2. |1J Let s ^ {0,1] . A function / : / C Mq = [0, oo) -> Mq is said to be 
s— convex in the second sense if 

(1.2) / [tx + il-t)y)< t^f (x) + (1 - ty f (y) 
for all x,y (z I and t G [0, 1]. 

It can be easily checked for s = 1, s-convexity reduces to the ordinary convexity 
of functions defined on [0, oo). 

Recently, In |2.: , the concept of geometrically and s-geometrically convex func- 
tions was introduced as follows. 

Definition 3. [2 A function / : / C M+ = (0, oo) is said to be a geometri- 

cally convex function if 

(1-3) /(^y-')<[/(^)]'[/(y)]'"' 

for all x,y Cz I and t G [0, 1]. 

Definition 4. [2 A function f : I C M_j_ — > M_(_ is said to be a s-geometrically 
convex function if 

(1.4) f{xV-*)<[f{x)f[f{y)f-'^' 
for some s G (0, 1], where x,y ^ I and t G [0, 1]. 
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If s = 1, the s-geometrically convex function becomes a geometrically convex 
function on M+ . 

Example 1. [2 Let f (x) = x'^/s, x e (0, 1] , < s < I, q > 1, and then the 
function 

(1.5) i/'(x)r = x(^-i)« 

is monotonically decreasing on (0, 1]. For t Cz [0, 1], we have 

(1.6) (s-l)g(i^-i) <0, {s~l)qiil-tr -il~t))<0. 
Hence, \f' (a;)|' is s-geometrically convex on (0, 1] for < s < 1. 



In [4 , the following Lemma and its related Hermite-Hadamard type inequalities 
for convex functions were obtained. 

Lemma 1. |4] Let f : L° C M. M. be a differentiahle mapping on L° , a,b €z L° 
with a < b. Lf f £ L [a, b] , then the following equality holds: 



(1.7) 



1 



b — a 



f {x) dx 



b ~ a 



(l-2t)/' (<a+(l-i) b)dt. 



Theorem 1. [4] Let f : 1° C M. M. be a differentiable mapping on L°, a,b £ 1° 
with a < b. If \f'\ is convex on [a, b] , then the following inequality holds: 

cb 

f {x) dx 



(1.8) 



/(«) + /(&) 



1 



< 



{b~a){\f{a)\ + \f{b)\) 



Theorem 2. [4 Let f : 1° C M. ^ R be a differentiable mapping on 1° , a,b £ 1° 
with a < b, and let p > 1. If the mapping \ f'\^^^^ is convex on [a,b] , then the 
following inequality holds: 
(1.9) 



fia) + fib) 



b — a 



f {x) dx 



< 



2(P + 1) 



i/p 



\fia)\ 



p/(p-i) 



p/ip-i) 



(p~i)/p 



The goal of this paper is to establish some inequalities of Hermite-Hadamard 
type for geometrically and s-geometrically convex functions. 

2. On some inequalities for s-geometrically convexity 

Theorem 3. Let f : I Q IR+ — > IR+ be a differentiable mapping on 1°, a,b E 1° 
with a < b, and f € L[a,b] . If \f'\ is s-geometrically convex and monotonically 
decreasing on [a, b] for s G (0, 1] , then the following inequality holds: 

f {x) dx 



(2.1) 

where 



fia) + fib) 



1 



b ~ a 



< ^^-TT-Gi {s]9i (a) ,52 (a)) 



(2.2) .91 [a) 



i a = 1 
T, — T'j a ^ i 



(Ina) 



2a'-'-'-2a+a In a 



a = 1 
a ^ 1 



a{u,v)^\f'{ar\f'{b)r\ u,v>0, 
Gi (s;5i (a) ,52 («)) = |/' {b)\' [gi {a (s, s)) + 52 (« {s, s))] , |/' (a)| < 1. 
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Proof. Since |/'| is s-geometrically convex and monotonically decreasing on [a,b], 
from Lemma [U we have 



b-, 



f (x) dx 



< 



b — a 



2 JO 



(1 - 2t) f {ta +{l-t) b) dt 



7 _ pi 

< I \l-2t\\f' {ta+{l-t)b)\dt 



< 



< 





b — a 

b — a 



(1 - 2t) If (a*6^-') \dt+ (2t - 1) /' (aV~') dt 



(1 - 2t) \f {a)f If {b)\^'~'^' dt + I (2t - 1) I/' (a)r |/' 







If < Ai < 1, < a,s < 1, then 
(2.3) /i- S M""- 

If I/' (a) I < 1, by (123]), we get that 



(l-2i)|/'(a)r |/'(6)r^-^^ dt+ (2<-l)|/'(a)r I/' (6)1 



< 



(1 - 2t) \r {a)f \r (6)r^'-*^ dt + l {2t- l) l/ (a)r^ l/ (6)| 



dt 



dt 



{l-2t)\f'{bt 



/'(«) 



dt 



(2t-i)i/'(6)r 



/'(«) 



(2.4). |/'(6)r[5i(a(.,,s))+.g2(a(s,s))] 

Thus, immediately gives the required inequaUty (|2.1 



□ 



Theorem 4. Lei / : / C ]R+ — > IR+ &e a dijferentiable mapping on 1° , a,b G 1° 
with a < b, and f E L [a,b] . If \f'\'^ is s-geometrically convex and monotonically 
decreasing on [a, 6] for 1/p + 1/q = 1 and s G (0, 1] , then the following inequality 
holds: 



(2.5) 

where 
(2.6) 



f{a) + f{b) 1 



b — a 



f (x) dx 



< — ^^—^02 (s, q; 53 (a)) 



2(P+1) 



i/p 



, , ] 1, a = 1, 

Ina ' "7= ^' 



(2.7) G2(s,g;g3(«)) = |/'(^')r[53(a(s9,s<z))]^ |/'(a)|<l. 
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Proof. Since |/'|'' is s-geometrically convex and monotonically decreasing on [a, 6], 
from Lemma [T] and Holder inequality, we have 



(2.8) 



fia) + fib) 1 



b — a 



f (x) dx 



< 



< 



b-a 



b — a 



|l-2i||/' {ta+ {l-t)b)\dt 



\l-2t\Pdt] / If {ta+{l-t)b)\Ut 



Using the properties of |/'|'' , we obtain that 

\f'{ta+{l-t)b)\Uty < (^1^ \f {a'b^-')\' dt 

r-l 



(2.9) 

If I/' (a)| < 1, by (1231), we get that 



< 



\f ia)f \f' (b)]"^'-*^' dt 



C I/' {a)f \r {b)f'-''^' dt^ ' < {^f^ I/' (a)r^* I/' {h)r^'-'^ dt^ 



f'ih) 



sqt \ q 

dt 



(2.10) 

Further, since 
(2.11) 



= \nb)ng3{a{sq,sqW . 



\l-2t\Pdt^ {l^2tfdt+ {2t-lfdt^2 {l-2tfdt = 



p+l 



a combination of (|2.8p - (l2.1ip immediately gives the proof of inequality (|2.5p . □ 



Corollary 1. Let f : I Q (0,oo) — > (0,oo) he differ entiahle on 1°, a,b E I with 
a < b, and f £ L([a,b]). If |/'|^ is s-geometrically convex and monotonically 
decreasing on [a, b] for s G (0, 1] , then 
i) When p = q = 2, one has 



f{a) + f{h) 



6-1 



/ [x] dx 



< (5,2,33 (a)) 



2V2 



ii) If we take s — 1 in V2.5]) . we have for geometrically convex, one has 



fia) + f{b) 



1 



f (x) dx 



2 b- a 

where 33, G2 are same with h2.b]) . {2.7^ 



< ^ °, G2(l,g,g3 (a)) 



2 (p+l)'' 
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Theorem 5. Let f : I — > IR+ be a differentiable mapping on 1° , a,b <E 1° 
with a < b, and f E L [a, 6] . // \ f'\'^ is s- geometrically convex and monotonically 
decreasing on [a, b] for q > I and s G (0, 1] , then the following inequality holds: 
(2.12) 



fia) + f{b) 1 



b — a 



f {x) dx 



< 



b-a fl 



G3 {s,q;gi (a) ,32 («)) 



where gi (a) , 32 (a) is the same as in i2.2\) . and 



G3 is,q;gi («) ,32 (a)) 

\f (6)r \[gi (a (sq, sqW + [92 (« (sq, sqW] , I/' («)! < 1 



Proof. Since |/'| is s-geometrically convex and monotonically decresing on [a, b] , 
from Lemma [T] and well known power mean inequality, we have 



6- 



/ (x) dx 



- ^/'|l-2i|l/'(to+(l-t)6)|rfi 



< 



< 



b — a 
2 

b — a 



(1 - 2<) I/' (ta +(!-<) 6)1 dt + (2< - 1) |/' (ia + (1 - i) 6)| 



(1 - 2t) dt 



(l-2t)|/' {ta+{l-t) b)\'' dt 



1 — i 



(2i-l)|/' {ta+{l-t) b)\'^dt 



(2.13) 



< 



< 



b-a fl 



(l-2t)|/' {a%^-')Ydt 



(2t- 1) |/' (a*6i-*)pdt 



6- a /I 



(1-201/' (a)r*°i/'(6)r^'-'^°di 



(2i-l)|/' {a)f \f' {b)\''^'-'^' dt 



dt 
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If I/' (a)| < 1, by ([23]), we get that 

< I il^2t)\fia)r'\fib)r^'-'Ut^\rib)rg,iaisq,sq)) 
(2.14) f\2t~l)\r{a)f \f'{b)\''-'-'^' dt 







< 



i2t - 1) I/' ia)r' \r (6)r'(^-') dt = ir (&)r'g2 (^g, ^g)) 



By combining of (|2.13p - (|2.14p immediately gives the required inequality (|2.12p . □ 



Corollary 2. Let f : I Q (0,oo) — ?► (0,oo) be differentiable on 1° , a,b ^ I with 
a < b, and /' £ L([a,b]). If |/'|^ is s- geometrically convex and monotonically 
decreasing on [a, b] for q> 1, and s € (0, 1] , then 
i) If we take q ~ I in H2.12\) . we obtain that 

f{a) + f{b) 1 



b — a 



f (x) dx 



< ^-;r~G3 (s,l;gi (a), 52 (a)) 



li) If we take s — I in \2.10jl . for geometrically convex, we obtain that 



fia) + f (b) 1 



/ (x) dx 



< 



b-a /I 



G3 (a) ,32 (a)) 



2 b~a 

where gi (a) , 52 (a) , a {u, v) , G3 (s, q; gi (a) , 52 (a)) are same mi/i above. 
3. Applications to some special means 



Let 



^(a,6) = L{a,b)^ {a ^ b) , 

I in — In a 



Lp (a, 6) 



, a 7^ fe, p e R, p 7^ -1,0 



,(p + l)(6-a), 

be the arithmetic, logarithmic, generaUzed logarithmic means for a, > respec- 
tively. 

Proposition 1. Let 0<a<6<l,0<s<l. Then 



-1) 

, 



)[A(a^'=-^&='=-^')-(l/2)L(a='=-^6=<^-^')' 



Proof. The proof is obvious from Theorem [3] applied f (x) = x^/s, x e (0,1], 
< s < 1. Then |/' (a)| = a'-^ > fe^-^ = |/' (fo)| > 1 and 



(3.2) 



f{a) + fib) 1 
2 6-a 



/ (a;) rfx 



|A(a^fo^)-[L, ia,b)Y\ 
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irm^hi {a{s,s))+g2 {a{s,s))] 



a — 



In a " — In 6 



a +0 1 a — 



26' 



& Lla ,b ) )-(l/2)i(a ,b j 



From (I3.2p and (I3.3p . we have the desired inequality. 



□ 



Proposition 2. Lef 0<a<6<l,0<s<l. Then 



(3.4) |A(a^6^)-[L,(a,6)]'^| < 



(6 — a) sb 



2(P+1) 



i/p 



i/« 



Proof. The proof is obvious from Theorem |3] appUed / (x) — a^*/s, x S (0,1], 
< s < 1 and g > 1. Then |/' (a)| = a""^ > b"-^ = \ f' {b)\ > 1 and 
(3.5) 



93 {a {sq, sq)) = 



s<j(a-l) ,ag(a-l) 

a — 



From p.Sp . we have the desired inequaUty. 



1 / 3,(3-1) ,,(3-l)\ 



□ 



Proposition 3. Let < a < b < 1, 0<s<l and q > 1. Then 

1—- 

(3.6) \A{a^bn~[Ls{a,b)r\<'-^^^^(l] ' 6^'^"' +v' 



2 V4 



Proof. The proof is obvious from Theorem [5] appUed f (x) — x^/s, x G (0,1], 

< s < 1 and q > 1. Then |/' (a)| = a-^-i > = |/' (6)| > 1 and 

(3.7) 

gi (a(s(7,s(7)) = t/ 



1 / sg(s-l) sg(s-l) ' 

L U ' ' 1-1 



a\29s(s-l) 



(3.8) g2{a{sq,sq)) = V 



(!) 



(1^ 



na-'<=-'* -hi6='<=-^>l 



1 - 



From p.7p and p.Sp . we have the desired inequaUty. 



□ 
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